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Generic singularities of envelopes of families of chords and bifurcations of aﬃne equidis-
tants deﬁned by a pair of a curve and a surface in R3 are classiﬁed. The chords join pairs
of points of the curve and the surface such that the tangent line to the curve is parallel to
the tangent plane to the surface. The classiﬁcation contains singularities of stable Lagrange
and Legendre projections, boundary singularities and some less known classes appearing
at the points of the surface and the curve themselves.
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1. Introduction
Given a smooth surface M and a smooth curve N in R3 consider a pair of points, one belonging to the surface and the
other to the curve, such that the plane tangent to the surface and the line tangent to the curve at these points are parallel.
The pair is called a parallel pair and the straight line through its points is called a chord. The envelope of the family of all
chords is called the Minkowski set of M and N . In this paper we classify its generic singularities.
The origins of the study of the Minkowski set can be traced back to a paper by S. Janeczko in 1996 [7]. Then in a
series of papers [3–6] the construction was generalised to smooth (not necessarily convex) surfaces in n dimensions. In [4]
the generic singularities of the Minkowski (centre symmetry) set were shown to be special singularities of wave fronts and
caustics in the context of the theory of Lagrange and Legendre mappings as developed by V. Arnold and others [1]. In [5] the
details of the geometry for n = 2 and n = 3 were given and in the ﬁnal paper of the series [6] the families of equidistants
were described.
Besides the pure geometric interest of the problem on the singularities of centre symmetry breaking, there are also
important applications in control problems and singularities of wave propagations. If a wave starts to propagate in a space
from an initial locus being a space curve with the rate of propagation given by a velocity indicatrix represented by a surface
in the tangent space at any point, then the caustic of the propagating wave fronts is determined by a construction similar
to the Minkowski set for the surface and the curve.
The study of the Minkowski set near a distinguished chord splits naturally into two distinct generic cases: In the ﬁrst
(transversal) case the base points of the curve and surface are distinct and the chord through them is transversal to the
surface at the base point. In the second (tangential) case the tangent plane to the surface at the base point contains the
base point of the curve itself.
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the versal deformations of function singularities of types Ak . Similarly, the bifurcations of the families of momentary wave
fronts (aﬃne equidistants) are diffeomorphic to the standard bifurcations of Ak singularities. In the tangential case the
singularities are related to the boundary singularities Bk , Ck and F4. Some non-standard singularities arise near the surface
itself.
The paper is organised as follows: At ﬁrst the main deﬁnitions and theorems are stated, followed by a description of the
method of generating families used. Then the Minkowski set and the aﬃne equidistant bifurcations for the transversal and
tangential case are analysed in turn.
The complete proofs of the results go beyond the frames of the present publication. Notice ﬁnally that the present
classiﬁcation results lead to a range of open topological problems on possible coexistence of singularities, all of which are
related to Ak series only.
2. Main deﬁnitions and results
A parallel pair is a pair of distinct points a ∈ M , b ∈ N such that the plane Pa = TaM tangent to M at a is parallel to the
line TbN tangent to the curve N at b. Denote by Pb the unique plane parallel to Pa passing through b.
A chord l(a,b) is a straight line passing through a parallel pair:
l(a,b) = {q ∈R3 ∣∣ q = λb + μa, λ ∈R, μ ∈R, λ + μ = 1}.
A germ of the aﬃne (λ,μ)-equidistant Eλ of the pair (M,N) is the set of points q ∈ R3 such that q = λb + μa for given
λ,μ ∈ R with λ + μ = 1 and for all parallel pairs (a,b) close to a distinguished base parallel pair (a0,b0). Note that E0 is
the germ of M at a0 and E1 is the germ of N at b0.
The space R4e =R×R3 with coordinate λ ∈R (aﬃne time), on the ﬁrst factor is called the extended aﬃne space.
An aﬃne extended wave front W (M,N) of the pair M,N is the union of all aﬃne equidistants each embedded into its
own slice of the extended aﬃne space:
W (M,N) = {(λ, Eλ)}⊂R4e .
Denote by ρ : (λ,q) → λ the projection of R4e to the ﬁrst factor, and by π : (λ,q) → q the projection to the second factor.
The bifurcation set B(M,N) of a family of aﬃne equidistants (or of the family of chords) of the pair (M,N) is the
image under π of the locus of the critical points of the restriction πr = π |W (M,N) . A point is critical if πr at this point
fails to be a regular projection of a smooth submanifold. In general B(M,N) consists of two components: the caustic Σ
being the projection of the singular locus of the extended wave front W (M,N) and the criminant  being the (closure of
the) image under πr of the set of regular points of W (M,N) which are the critical points of the projection π restricted
to the regular part of W (M,N). The caustic consists of the singular points of the momentary equidistants Eλ while the
criminant is the envelope of the family of regular parts of the momentary equidistants. Besides being swept out by the
momentary equidistants, the aﬃne extended wave front is swept out by the liftings to R4e of chords. Each of them has a
regular projection to the conﬁguration space R3. Hence the bifurcation set B(M,N) is the envelope of the family of chords
and this is the Minkowski set.
The method we use requires different considerations for points away from the curve and surface and points lying on the
surface or on the curve. The main results of this paper are the following theorems:
Theorem 2.1. For generic germs of M and N in the transversal case the germ at any point of the envelope of the family of chords
away from M and N is diffeomorphic to one of the standard caustics of Ak type with k = 2,3 or 4 (regular surface, cuspidal edge or
swallowtail).
Remark. Away from the curve and surface each generic chord contains at least one point belonging to the caustic. This
point occurs when the ratio of λ and μ is equal to the ratio of certain numbers intrinsically depending on the 2-jets of M
and N . Notice that in the transversal case the criminant is void.
Theorem 2.2. In the transversal case away from M and N the bifurcations of families of momentary wave fronts are diffeomorphic to
the standard bifurcations of Ak singularities for k = 2,3 and 4 (the only non-trivial ones being swallowtail beaks, swallowtail lips and
butterﬂy).
Theorem 2.3. Generically in the transversal case the Minkowski set transversally intersects the surface M either at its smooth points
or at the points of a cuspidal ridge.
Remark. The caustic transversally intersects the surface at the point a when the plane Pb is the osculating plane to the
curve N at b. The caustic is singular at the base point a if the plane Pb has contact greater than 3 with the curve N at b.
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M is diffeomorphic to one of the standard caustics of the boundary singularities of the types B2 , B3 , B4 , C3 , C4 or F4 . If moreover the
tangent line to the curve coincides with the chord then generically only B2 and C3 occur.
Remark. Recall that the bifurcation set for Bk singularities consists only of the criminant. In our case the criminant is a
ruled surface swept out by the tangential chords themselves. At a B2 singularity the criminant is smooth, at a B3 it is a
cuspidal edge and at a B4 it is a swallowtail. At a C3 singularity both the criminant and the caustic are smooth and have
second order tangency along a common line. At a C4 point the criminant is smooth and the caustic is diffeomorphic to
a folded Whitney umbrella. At an F4 singularity the criminant is diffeomorphic to semi-cubic cylinder and the caustic is
diffeomorphic to a Whitney umbrella [2].
3. Main constructions and outlines of proofs
3.1. Method of generating families
Fortunately the singularities of the Minkowski set happen to be singularities of Lagrange and Legendre projections de-
termined by an appropriate generating family. Below we describe the explicit form of the generating family and determine
its singularities with respect to the appropriate groups of equivalencies preserving either the diffeomorphic type of the
Minkowski set or the type of aﬃne equidistants bifurcation.
Let x, y be local coordinates of some neighbourhood U in R2 and let r2 : U → R3 be an embedding with the image M .
Let t be the local coordinate of some neighbourhood V in R and let r1 : V →R3 be an embedding with the image N .
Consider the following family F of functions in variables n ∈ (R3)∧ \ {0}, t and (x, y), and parameters (λ,q) ∈R×R3 of
the form
F(n, t, x, y, λ,q) = 〈λr1(t) + μr2(x, y) − q,n〉
where 〈 , 〉 is the standard pairing of vectors in R3 with covectors n from the dual space (R3)∧ and μ = 1− λ as always.
Some standard singularity theory techniques of families of functions depending on parameters will be applied below to
study the Minkowski set and the aﬃne extended wave front W (M,N). We use the standard notions of space time contact
and time space contact equivalence for families of functions with parameters λ, q. If the underlying diffeomorphism of the
parameter space λ, q preserves the projection π then we get space time contact equivalence. Similarly if the projection ρ
is preserved then we get time space contact equivalence. See Sections 3.3 and 3.4 below and more details can be found in
[2,4–6].
Recall that the wave front W (F) of a family of functions F depending on parameters is the set of parameter values
which correspond to the appearance of a critical point at the zero level set of the function. The wave front W (F) is deﬁned
by the Legendre conditions:
F = 0, ∂F
∂n
= 0, ∂F
∂t
= 0, ∂F
∂x
= ∂F
∂ y
= 0.
The vector-equation ∂F
∂n = 0 implies that q is a linear combination of points r1(t) and r2(x, y) on the curve and the
surface.
The vanishing of the other derivatives together imply that λ is either 1 or 0, or that q lies on a chord between parallel
tangent planes of the curve and surface. So in particular, the curve and surface also form components of the Minkowski set
of higher multiplicity.
Proposition 3.1. The wave front W (F) coincides with the aﬃne extended wave front W (M,N).
3.2. Minkowski set in the transversal case
In the transversal case up to an appropriate aﬃne transformation of R3 we can always assume that in some coordinate
system (x, y, z) the base parallel pair a0,b0 coincides with the pair of points (0,0,−1), (0,0,0), the tangent plane to the
surface M at a0 is parallel to the (x, y)-coordinate plane and the tangent line to the curve N at b0 coincides with the x-axis.
In these coordinates the surface M in the neighbourhood of a0 is the graph M = {(x, y, z) | z = f (x, y) − 1} of the function
f with vanishing 1-jet. Let f (x, y) =∑i+ j2 f i j xi y j be the Taylor decomposition of the germ of f at the origin.
Deﬁne the curve N to be the set {t,α(t), β(t)} with the functions α(t) = α2t2 + α3t3 + · · · and β(t) = β2t2 + β3t3 + · · ·
starting with at least quadratic terms in t .
The Hadamard lemma implies that the number of variables of the family germ F can be reduced using the stabilisation
procedure (see [2]).
In particular two families are called stably-equivalent if one of them is right equivalent (as a parameter depending family)
to the other plus a non-degenerate quadratic form in some auxiliary variables.
Under this reduction the bifurcation diagrams remain the same.
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germ Φ(t, λ,q) = λβ(t) + μ[ f ( q1−λtμ , q2−λα(t)μ ) − 1] − q3 in the variable t ∈R and parameters λ ∈R, μ = 1− λ, and q ∈R3 at an
appropriate point λ = λ0 , t = 0, q = 0.
3.3. Normal forms of the Minkowski set
Two families Φi(t, λ,q), i = 1,2 are called space time contact equivalent if there is a non-zero function h(t, λ,q) and a
diffeomorphism
Θ : (t, λ,q) → (T (t, λ,q),Λ(λ,q), Q (q))
such that Φ2 = hΦ1 ◦ Θ .
Theorem 3.3. For a generic pair of M and N at any point q of a base chord (a0,b0) except the points a0 and b0 themselves (λ = 0 or
λ = 1) the germ of the respective generating family Φ is space time contact equivalent to one of the standard versal deformations in
parameters (λ,q) ∈R×R3 of the function germs at the origin in the variable t of the type Ak for k = 1, . . . ,4 as follows:
A1: Φ = t2 + λ; A2: Φ = t3 + q1t + λ;
A3: Φ = t4 + q2t2 + q1t + λ; A4: Φ = t5 + q3t3 + q2t2 + q1t + λ.
The theorem implies that for a generic pair of a surface and a curve the germ at any point of the Minkowski set is
diffeomorphic to one of the Ak caustics for some k = 2,3 or 4. The germ at any point of the aﬃne extended wave front is
diffeomorphic to the Ak bifurcation diagram for some k = 1,2,3, or 4.
The proof of the theorem uses the property ∂Φ
∂λ
= 0 which holds in the transversal case. The stability with respect to
space time contact equivalence of the germ Φ with this property coincides with its stability with respect to standard contact
equivalence.
The Minkowski set deﬁned by the generating family has the following properties. The surface M consisting of points with
λ = 0 form a (redundant) component of the caustic. Besides λ = 0 on generic base chord there is only one caustic point
m0 with λc = β2β2− f20 . When β2 = 0 (that is, the tangent plane to the curve Pb is osculating) m0 coincides with a. When
f20 = 0 (that is, the x-axis is an asymptotic direction on the surface M) the caustic point is at b. The singularity at m0 is
of the type A2 unless β3 = λ
2
c
(1−λc)2 f30 −
λc
1−λc α2 f11 in which case it will be more degenerate. If the additional condition
β4 = λ
2
c
(1−λc)2 α2 f21 −
λc
1−λc α
2
2 f02 − λc1−λc α3 f11 −
λ3c
(1−λc)3 f40 holds then the singularity at m0 is of type A4. Generically higher
singularities are excluded by the transversality theorem.
If f20 = β2 = 0 then the base chord contains no caustic points (except for redundant components λ = 0,1 and inﬁnity).
If both coeﬃcients vanish then the whole chord belongs to the caustic. We call this the ﬂattening case: it occurs when
the tangent plane to the curve Pb is the osculating plane and the x-axis is an asymptotic direction on the surface M .
In this case, generically, there are two A3 singularities on the chord being the solutions of the quadratic equation β3 =
λ2c
(1−λc)2 f30 −
λc
1−λc α2 f11.
3.4. Bifurcations of momentary wave fronts in the transversal setting
Two families Φi(t, λ,q), i = 1,2 are called time space contact equivalent if there is a non-zero function h(t, λ,q) and a
diffeomorphism
Θ : (t, λ,q) → (T (t, λ,q),Λ(λ), Q (λ,q))
such that Φ2 = hΦ1 ◦ Θ .
Theorem 3.4. For a generic pair of M and N the germ at any point of the extended wave front of the generating familyΦ at any point of
a base chord (except for λ = 0,1 points) is time space contact equivalent to the germ at the origin of one of the following deformations
in parameters (λ,q) ∈R×R3 of the function germs in the variable t of the type Ak for k = 1, . . . ,4:
A1: t2 + q3; A2: t3 + q2t + q3; A3: t4 + q1t2 + q2t + q3;
A∗3: t4 +
(
λ ± q21
)
t2 + q2t + q3; A4: t5 + λt3 + q1t2 + q2t + q3.
Remarks. Normal forms A1, A2 and A3 contain no parameter λ, so no metamorphosis of momentary wave fronts occurs.
The bifurcations of A∗3 type on the extended wave front correspond to bifurcations of either swallowtail lips or swallow-
tail beaks type and can occur at isolated points in the non-ﬂattening case. The conditions for an A∗ bifurcation consist of3
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2 f21β2 f20 = α2 f 211 f20 + 3β2 f11 f30 − 4α2 f 220 f02.
The bifurcation of type A4 determines the standard “butterﬂy” metamorphosis.
The proof is given by showing that A1, A2 singularities of the generating family are always versal with respect to q1, q2
and q3 only. The singularity A3 is also either versal or necessary conditions for the case A∗3 hold generically. In the case A4
the family is versal with respect to parameters λ, q1, q2 and q3 and for ﬁxed values of the coordinates q the third order jet
in t depends on λ regularly.
3.5. Caustic and bifurcation of equidistants in a vicinity of the surface M in the transversal case
Near the surface M when λ is close to zero and the parameter q3 is close to −1 the generating family takes the special
form F = λ + q˜3H(t,q1,q2, q˜3) where the function H is non-vanishing at the origin and q˜3 is a modiﬁed parameter which
vanishes exactly at the surface M .
For generic curve and surface germs in the transversal setting the function H(t, λ,q) is versal for standard R+-equiva-
lence with respect to q1 and q2 only.
Lemma 3.5. Assume that the family H(t,q1,q2, q˜3) is R+-versal with respect to q1 and q2 only, then the germ of family F = λ+ q˜3H
is space time contact stable with respect to deformations within the space of functions of the form F˜ = λ + q˜3 H˜(t,q1,q2, q˜3) such
that ∂F˜
∂q˜3
= 0 at the origin.
The proof uses the homotopy method and Malgrange’s preparation theorem. The lemma implies that the generating
family is space time contact equivalent to one of the following deformations in parameters (λ,q) ∈R×R3:
A˜1: λ + q˜3
(
t2 + 1); A˜2: λ + q˜3(t3 + q1t + 1);
A˜3: λ + q˜3
(
t4 + q1t2 + q2t + 1
)
.
At A˜1 type points there is no caustic near the surface M germ. At A˜2 type points the smooth part of the caustic
transversally intersects M , and at an A˜3 point the surface M transversally intersects a cuspidal edge of the caustic.
Due to the special form of the generating family the surface M forms part of the Minkowski set. So at points where the
caustic intersects the surface the multiplicity is greater than 1.
Considering time space contact equivalence the following statement similar to the previous lemma holds:
Lemma 3.6. Assume that a family germ Ĥ(t,q1,q2, q˜3) is R+-versal with respect to q1 and q2 only, then the germ of the family G =
q˜3 +λĤ is time space contact stable with respect to deformations within the space of functions of the form G˜ = q˜3 +λH˜(t,q1,q2, q˜3).
The lemma implies that the generating family is time space contact equivalent to one of the following deformations in
parameters (λ,q) ∈R×R3:
A˜1: q˜3 + λ
(
t2 + 1); A˜2: q˜3 + λ(t3 + q1t + 1);
A˜3: q˜3 + λ
(
t4 + q1t2 + q2t + 1
)
.
Generically near the surface M the aﬃne equidistants for small λ are locally diffeomorphic to either regular surfaces,
cuspidal edges or swallowtails. However as λ → 0 the singularities vanish, being multiplied by factor λ. This effect seems to
be a new feature of Legendrian singularities.
3.6. The Minkowski set in the tangential case
Assume that the base chord lies in the plane tangent to M at a0 (tangential setting). If the base chord and the tangent
line to the curve N at b0 are not co-linear then in some coordinate system (x, yˆ, z) the base points a0, b0 coincide with
the points (0,1,0), (0,0,0), the curve N at the origin is tangent to the x-axis and that the tangent plane to the surface M
coincides with the (x, yˆ)-coordinate plane. Introduce the new coordinate yˆ centred at (0,0,1) so that yˆ = 1 + y. Now the
surface M is deﬁned by the embedding
r2 : U →R3, r2 : (x, y) →
(
x, y + 1, f (x, y)), (x, y) ∈ U ⊂R2,
where function f (x, y) has zero 1-jet, and the curve N is deﬁned by the embedding
r1 : V →R3, r1 : t →
(
t,α(t),β(t)
)
of some neighbourhood V of the origin in R where α(t), β(t) start with second order terms.
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Φ(t, ε,q) = (λ0 + ε)β(t) + (μ0 − ε) f
(
q1 − (λ0 + ε)t
μ0 − ε ,
q˜2 − (λ0 + ε)α(t) + ε
μ0 − ε
)
− q3
where ε = λ − λ0 varies in a vicinity of the origin, μ0 = 1− λ0 and q˜2 = q2 − μ0.
Consider the organising centre g(t, ε) = Φ|q1=q˜2=q3=0 of the family and decompose it as g(t, ε) =
∑
i+ j2 aijtiε j where
a20 = λ
2
0
μ0
f20 + λ0β2; a11 = − λ0
μ0
f11; a02 = f02
μ0
.
The space time contact equivalence of the families of the type Φ corresponds to ﬁbred contact equivalence of the respective
organising centres g(t, ε): the diffeomorphism of the form (t, ε) → (tˆ(t, ε), εˆ(ε)) and multiplications by non-zero functions
act on g .
The well-known Arnold–Goryunov low dimensional ﬁbred contact classiﬁcation (which coincides with simple boundary
classes) provides all generic space time contact stable families depending on three parameters [2] (here k = 2,3, or 4):
Bk: ± t2 + εk + qk−2εk−2 + · · · + q3,
C2 ≈ B2,
C3: t3 + tε + q1ε + q3,
C4: t4 + tε + q2t2 + q1ε + q3,
F4: t3 + ε2 + q2tε + q1t + q3.
The proof of Theorem 2.4 consists of checking the versality and genericity conditions for germs of the family Φ .
3.7. Recognition of tangential singularities
Singularities Bk occur when a20 = 0. If the quadratic form of g(t, ε) is non-degenerate, that is 4a20a02 −a211 = 0, then the
B2 singularity occurs. The discriminant of this form vanishes when λ = 4β2 f024 f02β2+ f 211−4 f20 f02 , so any generic tangential chord
contains at most one point at which singularities Bk higher than B2 can appear.
The degenerate quadratic form has at least rank 1 and the variable t can be separated by a diffeomorphism of the type
(t, ε) → (T (t, ε), ε) reducing the organising centre to ±t2 + εk providing B3 or B4 classes. The condition of B3 singularity
takes the form
0 = 4a220a21a211 + 16a420a03 − 8a320a12a11 − 2a20a30a311.
At isolated points on some isolated tangential chords this expression can vanish providing the B4 singularity.
If β2 = 0 (the tangent plane Pb to the curve is the osculating plane) then the B3 condition holds at the point λ = 0, that
is, on the surface M .
The explicit calculations of the terms of the family Φ and the transversality theorem imply that in all cases except
λ = 0,1 the organising centres of Bk are space time versally unfolded.
The singularity C3 corresponds to the conditions a20 = 0 but both a11 and a30 are non-zero. A chord with β2 − f20 = 0
can contain at most a single point of this type when λc = β2β2− f20 . This point becomes the C4 singularity if additionally
a30 = 0 that is β3 = λ
2
c
(1−λc)2 f30 −
λc
1−λc α2 f11.
The Ck conditions resemble those for Ak−1 singularities in the transversal setting. In fact Ck is adjacent to Ak−1.
The F4 class belongs to the intersections of the closures of the B3 and C3 strata and requires a20 = a11 = 0, a02 = 0 and
a30 = 0. Again, the versality of the family Φ germs at the points of each of the types holds for λ = 0,1.
If the chord and tangent line to the curve coincide (generically this can happen for some isolated chords) then generically
only B2 and C3 singularities can appear, however the proof requires a modiﬁcation of the generating family.
Notice ﬁnally that the list of generic bifurcations of aﬃne equidistants in the tangential case even in the vicinity of the
surface M coincides with that of the transversal case. However the normal forms up to space time contact equivalence of
the functions H from Lemma 3.6 do not contain a constant term. Also the list of generic singularities of the Minkowski
set in the vicinity of the surface M points is similar to the list of Theorem 4.4 of the paper [4] (see also Lemma 3.6 given
above):
B̂2: q˜3 + λ
(
t2 + q1
); B̂3: q˜3 + λ(t2 ± λ2 + λq1 + q2);
Ĉ3: q˜3 + λ
(
t3 + λt + λ + q1t + q2
)
.
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